The broken symmetry lattice gases, namely, the two-dimensional square lattice gas and the three-dimensional simple cubic lattice gas with the hard-core nearest-neighbor interaction and the higher neighbor interaction are solved in terms of the quasi-chemical (one-dimensional) approximation. We found that the densities of the heat capacity at constant volume at the two-phase boundary are not equal to each other because of the broken symmetry. § 1. Introduction
The usual lattice gas models with the interactions of finite intensity have an important symmetry property for the interchange of particles for holes. For example, the lattice gas model with nearest-neighbor interaction c and second-nearestneighbor interaction r; has a symmetry property for the pressure, p(p, x, y) = p(l-p,
x,y) if xdyd'z(p,x,y)=xdyd'z(l-p,x,y)=l with x=exp(-c/kT), y=exp(-r;/kT)
and z=exp(Jl/kT) where 2d and 2d' are the number of nearest-neighbor and secondnearest-neighbor sites of any lattice site, respectively [,u=chemical potential, T =temperature, k=Boltzmann's constant and p=N/M, N=number of molecules in the gas, M =number of lattice sites].
In a preceding paper 1 l a one-dimensional lattice gas model with the hard-core nearest-neighbor interaction c( =oo) and the next-nearest-neighbor interaction r; was exactly solved. In the case of repulsive second-nearest-neighbor interaction, the coefficient of thermal expansion had a negative region, and hence there was an intersection of isotherms and a maximum number density as a function of temperature in constant pressure process. Furthermore, we took notice that an important symmetry property for the lattice gas model is broken by the hard-core nearestneighbor interaction [putting x=O], because the nearest-neighbor sites must be holes for any particle. The investigation of the thermal responses for the broken symmetry lattice gas is an interesting problem in the case of attractive interaction. We study the two-and three-dimensional lattice gases using the exact results 1 l for one-dimensional lattice gas, because the one-dimensional system does not exhibit a phase transition phenomenon.
In the present paper, we investigate the two-and three-dimensional lattice gases with the hard-core nearest-neighbor interaction and "the second nearest-neighbor interaction" (defined in § 3) in terms of the quasi-chemical (Bethe-Guggenheim) approximation based on the previous results 1 l for the one-dimensional lattice gas. In the following section we summarize the characteristics of the irreducible cluster sums for the lattice gases which was derived in preceding papers organize the equations of state and the thermal properties for lattice gases with the nearest-neighbor interaction in the quasi-chemical approxirriation. 4 > In § 3, the two-and the three-dimensional lattice gases are solved by means of the quasi-chemical approximation, namely, the one-dimensional approximation. The properties of the derived thermodynamic quantities are discussed. Finally, § 4 is devoted to a summary and discussion. § 2. Characteristics of the irreducible cluster sums and the quasi-chemical approximation
The equation of state for a lattice gas is expressed as the virial expansion P/kT =p+~k=2Bk(T)pk[p= pressure], where the virial coefficients BiT) are given by
Here the /3k(T) are the irreducible cluster sums for infinite volume. 5 > We summarize the characteristics of the irreducible cluster sums for the lattice gases which were derived in preceding papers.
2 >' 3 l For the one-dimensional, the two-dimensional square and the three-dimensional simple cubic lattice gas with the nearest-neighbor interaction e, the exact expressions for the /3k( T)(k~ 7) are given by2),3)
where d = 1, 2 and 3 for the one-dimensional, the two-dimensional square and the three-dimensional simple cubic lattice gas, respectively, and I =x -1 with x =exp(-e/kT). It is pointed oue> that any /3k( T) is decomposed into the independent four terms: (1) The first term ( -1/k) is the contribution from the zero-dimensional Temperley diagrams 6 > corresponding to the ideal lattice gases (e=O, /=0). (2) The second term is the contribution from the one-dimensional connected diagrams composed of the zero-and one-dimensional Temperley diagrams; d is a dimensional number which means the number of independent linear lattices existing in a d -dimensional lattice. (3) The third term is the contribution from the two-dimensional connected diagrams composed of the zero-, one-and two-dimensional Temperley diagrams. The number
The fourth term is the contribution from the three-dimensional connected diagrams composed of the zero-, one-, two-and three-dimensional Temperley diagrams. The number of independent three-dimensional lattices existing in a d-dimensionallattice 
where
and the internal energy per site e is -,8-1+2p
Equation (2·3) has the symmetry property
Equations (2·2) and (2·3) derive
and hence
The quasi-chemical approximation gives exact results for a one-dimensional lattice gas, but gives approximate results for two-and three-dimensional lattice gases, because in this method the first and second terms of the irreducible cluster sums Eq. (2 ·1) are exactly taken into account but the third and fourth terms are neglected. Therefore, the quasi-chemical approximation may be called the one-dimensional approximation for the two-and three-dimensional lattice gases. Since these four terms of the irreducible cluster sums are independent of each other, we can derive the equations of state Eqs. We derive the various thermal responses of the system from the partial derivatives of the equations of state with respect to p and x. The isothermal compressibility KT, the coefficient of thermal expansion a and the density of the heat capacity at constant volume Cp are given:
_£p__ (-c-)
If the nearest-neighbor interaction is attractive (c< 0) and d > 1, the isothermal compressibility KT is negative for sufficiently low temperatures. Consequently, there exists a critical point If the nearest-neighbor interaction is repulsive (c >0), the coefficient of thermal expansion has a negative region. The second-nearest-neighbor interaction generally constructs the twodimensional (in two-dimensional lattice) or the three-dimensional (in threedimensionallattice) Temperley diagrams, so the one-dimensional approximation does not apply to the lattice gases with the usual second-nearest-neighbor interaction. Therefore, we deal with the lattice gas models with the hard-core nearest-neighbor interaction and the "second-nearest neighbor interaction" 7J as follows: (I) onedimensional lattice gas with the second( ="second")-nearest-neighbor interaction 7J, (II) two-dimensional square lattice gaswith the negligible (or zero) second-nearestneighbor and with the third ( ="second")-nearest-neighbor interaction r;, (III) threedimensional simple cubic lattice gas with the negligible (or zero) second-and thirdnearest-neighbor and with the fourth ( ="second")-nearest-neighbor interaction r;.
In a preceding paper,!> a one-dimensional lattice gas model with the hard-core nearest-neighbor and the second nearest-neighbor interaction, namely, model (I) has been exactly solved. For example, the pressure was obtained 1 > as P/kT= -ln(1-p) + ln{(w+ 1-p)(1-p)/(w+ 1-3p)} in the alternative new notation, where w is defined later in Eq. (3 ·4). In this expression, the first term -ln (1-p) where
Putting d=1, above expressions just agree with the results of Ref. 1) but in the new expressions. Moreover, using the above results we get
From Eq. (3·7), it is clear that the slope of the isotherm has a negative (unstable) region for large enough y [r;<O and the sufficiently low temperature]. Hence the first-order phase change is predicted. The critical temperature Yc is . (1-3pc)(2-6pc+3Pc
2 )
(1-2pc)(1-7 Pc+4Pc where the critical density Pc (O<pc<1/2) is the root of the equation
which is derived from apjop=O and o 2 P/op 2 =0. The critical values are n"umerically given in Table I .
The two-phase boundary PL, Pc( < PL) as functions of the temperature is determined by equations
However, it is difficult to solve Eqs. neighbor interaction in the quasi-chemical approximation. In other words, the critical exponents are not influenced by the hard-core interaction. § 4. Summary and discussion
In this paper we have introduced the one-dimensional (quasi-chemical) approximation for the lattice gases with the hard-core nearest-neighbor interaction and the "second nearest-neighbor interaction", and have got the equations of state and the various thermal responses. It is found that the well-known symmetry properties for the lattice gas models are broken in these models by the hard-core nearest-neighbor interaction. Especially, the densities of the heat capacity at constant volume at two-phase boundary do not agree with each other.
Looking into Eqs. (2 · 3) and (3 · 2) for the fugacity z, it is pointed out that a modified Pade approximation using an irrational polynomial like as /3 or w is available for the expression of the fugacity z. Especially, for the symmetry lattice gas models, an in:ational polynomial of p(1-p) that is an invariant expression for the interchange of p for (1-p) can be introduced.
Let us consider the Ising models corresponding to the lattice gas models dealt with in this paper. If the antiferromagnetic nearest-neighbor interaction is infinite (the hard-core interaction), the infinitely strong magnetic field must be applied for flopping an only one spin of the system in ground state. Therefore, the Ising models corresponding to the lattice gas models with the hard-core interaction are not considerable models for magnetic systems in contrast to the lattice gas models dealt with.
The continuous model corresponding to the present models is van der Waals fluid as well known. However, the investigation for the equations of state except the pressure and for several thermal responses such as the specific heat at constant volume is not yet completely performed. The comparative studies of these properties will be left as the interesting problems in the future.
